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Abstract
Taking a hint from Dirac’s large number hypothesis, we note the existence of cosmic combined
conservation laws that work to cosmologically long time. We thus modify or generalize Einstein’s
theory of general relativity with fixed gravitation constant G to a theory for varying G, which can
be applied to cosmology without inconsistency, where a tensor arising from the variation of G takes
the place of the cosmological constant term. We then develop on this basis a systematic theory
of evolving natural constants me,mp, e, ℏ, kB by finding out their cosmic combined counterparts
involving factors of appropriate powers of G that remain truly constant to cosmologically long
time. As G varies so little in recent centuries, so we take these natural constants to be constant.
PACS numbers: 04.20.-q, 04.90.+e, 95.30.Sf
∗Email address: penghw@itp.ac.cn
1
I. GENERAL RELATIVITY AND LARGE NUMBER HYPOTHESIS
In Einstein’s theory of general relativity as in Newton’s theory of gravitation, the strength
of the gravitational interaction is described by a fixed dimensional constant, namely the
Newtonian gravitation constant GN
.
= 6.7× 10−11m3kg−1s−2. Together with the velocity of
light in vacuo c
.
= 3×108m/s which serves to convert time into length by putting c = 1, there
occur also in Einstein’s theory GN/c
2 .= 7.4 × 10−28mkg−1 and GN/c4 .= 8.2 × 10−45mJ−1
which respectively serve to convert mass and energy into length by putting also GN = 1.
Einstein’s theory has been applied to cosmology; in addition to the dimensional constants
GN another cosmological constant with dimension of length to the power minus two, was
once specially introduced by Einstein in his attempt to construct a static model for the
universe. This soon has lost his favor as observations of the red shifts of extra-galactic
nebulae show defintely that the universe is expanding, but as an additional parameter,
cosmological constant is still used today in trying to fit the observational data with the
non-static homogeneous cosmological model using the Roberston-Walker metric. Rough
estimates have thus been obtained for the age t of universe at present to be ≈ 109 years or
≈ 1010 years more recently.
On comparing the ratio e2/(Gmpme) of the electrostatic to the gravitational force between
the proton and the electron in an hydrogen atom, which is a large dimensionless number of
the order of 1039 , with the ratio t/(e2/mec
3) of the age t of universe at present to the time
needed for light to travel a distance of the classical radius of the electron, which is also a
large dimensionless number of the order of 1039 or 1040, one proposes [1] that a large number
equation
e2/(Gmpme) ≈ t/(e2/mec3) (1.1)
should hold. Further from Hubble’s estimate ρ = (1.3 to 1.6)×10−30 g/cm3 for the density of
matter due to the extra-galactic nebulae averaged over cosmic space and a factor thousand
or hundred times to include dust or invisible matter, one can estimate the ratio M/mp of
the total mass M of matter in the universe at present of radius R to the proton mass, which
is roughly of the order 1078 or 1080, one proposes [1] that another large number equation
M/mp ≈ [t/(e2/mec3)]2 (1.2)
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should also hold. By a large number equation we mean wherein some unknown factors of
small numbers are understood to be there but not written out. Eddington takes seriously
the relation
M/mH = N ≈ [e2/(Gmpme)]2 ≈ 1078 (1.3)
and advocates in his book “Fundamental Theory” that in the uranoid (model of universe
with N hydrogen atoms) when one studies one particular hydrogen atom the other N − 1
hydrogen atoms must also be considered as representing the rest of the universe.
Based on these empirical large number equations (1.1) and (1.2) Dirac proposes the
large number hypothesis [1] that during the evolution of the universe the strength G of
gravitational interaction gradually weakens as time t goes on according to G ∝ t−1 while
mass is continuously being created and so increasing with time according to M ∝ t2 . He
reached at this hypothesis by adding an additional assumption that the atomic constants
remain unchanged and do not evolve. One can, however, arrive at Dirac’s large number
hypothesis by the following evolving atomic constants, say, both mp and me ∝ t
2 while
e2 ∝ t3 , leaving c alone not evolving. This corresponds to Eddington’s assumption that N
remains unchanged.
In this paper we shall take the large number equations, though empirical at the present
stage of knowledge, rather seriously. On dividing (1.2) by (1.1) we obtain a relation free
from all atomic constants e,me, mp,
GM ≈ c3t (1.4)
which exhibits clearly the inconsistency of applying Einstein’s theory of general relativity to
cosmology. If one regard this result, though empirical, as true, then clearly G andM cannot
both conserve in cosmologically long time, and this is in contradiction to the assumptions
inherent in Einstein’s theory of general relativity that G be constant and matter do conserve.
Hence one needs to modify Einstein’s theory for application to cosmology. But we know,
for phenomena including the crucial tests that occur, from the cosmic point of view, in a
small neighborhood and for short duration, Einstein’s theory is a good approximation. This
has been confirmed by observations and experiments and must not be spoiled. We note,
according to Dirac’s large number hypothesis, it is neither M nor G but the combination
G2M that conserves in cosmologically long time. We shall take such cosmic combined (c.c.)
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conservation law working to cosmologically long time as a hint in our attempts to modify or
rather to generalize Einstein’s theory of general relativity, to be consistent with Dirac’s large
number hypothesis, and develop systematically a theory of evolving natural constants. In
so doing we find that it is possible to generalize Dirac’s large number hypothesis somewhat
to G ∝ t−n with n not necessarily equal to one. It seems that c. c. conservation laws can be
more simply found and stated, but the variation of G, together with that of gµν , as functions
of space-time must be left to the solution of various peoblems.
II. THEORY WITH VARYING G
The problem of non-static homogeneous matter-dominated cosmological model is a simple
case to work with mathematically. Because there is only one independent variable t, it is
easier here to find out how natural constants shall evolve and how the usual conservation
laws shall be combined to work in cosmologically long time. We shall not make Dirac’s
assumption that atomic constants do not change in the long. (In this paper by long or
short we mean cosmologically long or short time and similarly by large or small we mean
cosmologically large or small distance). But we do follow the spirit of Dirac’s large number
hypothesis and generalize it into
G ∝ t−n, (0 < n < 2), so t ∝ G−1/n (2.1)
where n can be, but not necessarily, equal to one. Then (1.3) leads to
G1+1/nM ∝ t0 i.e. G1+1/nM = M˜ conserves. (2.2)
To save one’s worry about the dimension of the cosmic combined (c.c.) quantity like M˜ , it
would be most simple to introduce a constant but arbitrary dimensional conversion factor
G0 to convert mass into length by putting it to be G0 = 1, so that in (2.2) and similar
equations in the following we understand that the c. c. quantity (like M˜ ) is always of the
same dimension as the original quantity (like M). Thus the equation (2.2) is meant to be,
when writen in full,
(G/G0)
1+1/nM = M˜ (2.2a)
As usual we take GN for G0. In order to conform to such a c. c. conservation law for M˜ we
modify the corresponding action integral for simple matter without internal stress which in
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Einstein’s theory is given, as shown in Dirac’s book [2] on general theory of relativity, by
Im = −
∫
(gµν℘
µ℘ν)1/2d4x (E2.3a) with constraint ℘µ,µ= 0 (E2.3b)
into a similar expression
I˜m = −
∫
(gµν℘˜
µ℘˜ν)1/2d4x (2.3a) with modified constraint ℘˜µ,µ= 0 (2.3b)
Here with a change of notation
uµ = ℘µ/(gαβ℘
α℘β)1/2 (E2.4a), so uµuµ = 1
(gαβ℘
α℘β)1/2 = ρm
√
(−g) so ℘µ = uµρm
√
(−g) (E2.4b)
the constraint in Einstein’s theory gives the conservation of mass and may be written as the
equation of continuity∫
℘4dx1dx2dx3 = M (E2.4c) (ρmu
µ);µ = 0 (E2.4d)
Similarly with a change of notation with the cosmic combined quantities
(gαβ℘˜
α℘˜β)1/2 = ρ˜m
√
(−g) (2.4a) ℘˜µ = uµρ˜m
√
(−g) (2.4b)
where
ρ˜m = G
1+1/nρm (2.5)
the modified constraint (2.3b) in the modified theory gives the conservation of the cosmic
combined mass ∫
℘˜4dx1dx2dx3 = M˜ = G1+1/nM (2.4c)(2.5c)
for homogeneous G = G(t) and the corresponding equation of continuity
(ρ˜mu
µ);µ = 0 (2.4d)
In case of a mass point described with a three dimensional delta function factor in (E2.4c)
and (2.4c), we obtain from (2.5c) the cosmic combined constant mass
m˜ = G1+1/nm (2.5a)
which holds for a proton, an electron, an atom or a molecue, contrary to Dirac’s assumtion
that atomic constants like me and mp do not evolve. From this we see that our modification
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or generalization of Einstein’s theory consists of multiplying the integrand of the source
action integral by the dimensionless varying factor G1+1/n and introducing new variables
suitable for expressing the modified cosmic combined conservation law. This rule will be
kept throughout for other action integrals involved in the comprehensive action principle,
cf. §6, §8 and §12 later.
As to Einstein’s original gravitational action integral where G−1 is constant
Ig = (16π)
−1
∫
G−1Rσσ
√
(−g)d4x where Rσυ = Rµνgµν (E2.6)
we multiply the integrand by the factor G1+1/n and add a kinetic term thus:
I˜g = (16π)
−1
∫
[G1/nRσσ − w(G1/(2n));σ(G1/(2n));σ]
√
(−g)d4x (2.6)
This is the most general expression for an action integral involving only field variables
G, gµν without any dimensional constants that will reduce to Einstein’s Ig in case G be a
constant. As the numerical factor (16π)−1 in Einstein’s theory is determined by comparison
with Newton’s theory in the so called non-relativistic approximation (which is good for
phenomena with velocity small compared with that of light), so the factor (16π)−1 in our
modified theory is determined by comparison with Einstein’s theory in the non-cosmologic
approximation (which is good for phenomena of duration and distance short compared with
that of the universe, as will be shown in §5). The numerical constant w will be determined
from the non-static homogeneous matter-dominated cosmological model in §4 by using our
generalized large number hypothesis (2.1). We prefer the choice of w = 8 for the case k = 0
of the Robertson-Walker metric.
In later sections we shall see that such a modification or generalization can be carried
through other source action integrals like that for Maxwell’s theory of electromagnetism
(§6) or that for Dirac’s theory of electron (§8). In §12 we consider statistical mechanics.
We thus arrive at a systematic theory of evolving natural constants passing all the crucial
tests of Einstein’s theory of general relativity and agreeing with the empirical large number
equalities (1.1), (1.2) or (1.4) when applied to cosmology. We leave the exact numerical
value n introduced in the generalized Dirac’s large number hypothesis to be determined in
the future by fitting accurate relevant astrophysical or cosmological observations. For the
moment one may take n = 1, the only integer in tne domain 0 < n < 2, if one likes,
following Dirac’s original large number hypothesis.
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III. VARIATIONAL EQUATIONS
It is convenient (cf.(2.6) and (2.1)) to introduce the dimensionless new variable
φ = G1/(2n) , φ2 = G1/n (3.1)
so that (2.6) becomes
I˜g = (16π)
−1
∫
(φ2Rµν − wφ;µφ;ν)gµν√(−g)d4x (3.2)
We obtain the variation as
δI˜g = (16π)
−1
∫
[−Nµνδgµν + 2Φδφ]√(−g)d4x (3.3)
with
Nβα = φ
2[Rβα − (1/2)Rσσδβα] + (φ2);β;α − (φ2);σ;σδβα
−w[φ;αφ;β − (1/2)φ;σφ;σδβα] (3.4)
(here we use the Palatini identity to express δRµν in terms of the second covariant derivatives
of δgαβ and integrate by parts twice), and
Φ = Rσσφ+ wφ
;σ
;σ (3.5)
We note the identities (which can be shown from (3.3) by using an infinitesmal trans-
formation of coordinates or explicitly verified from (3.4) and (3.5) by using the formula
(Aλ);µ;ν − (Aλ);ν;µ = − AσRλ...σµν with λ = ν summed), namely
Nβα;β + Φφ;α = 0 (3.6)
To calculate the variation of I˜m, (2.3a), we follow closely Dirac’s treatment for Im, (E2.3a),
as given in his book [2] on general theory of relativity. (Only we use the letter u instead of
Dirac’s v to denote the four-dimensional velocity)
δI˜m = −(1/2)
∫
T˜ µνδgµν
√
(−g)d4x−
∫
uµδ℘˜
µd4x (3.7)
with
T˜ µν = (gαβ℘˜
α℘˜β)−1/2℘˜µ℘˜ν/
√
(−g) = ρ˜muµuν (3.8)
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by a change of notation that
uµ = (gαβ℘˜
α℘˜β)−1/2℘˜µ (3.9)
ρ˜m
√
(−g) = (gαβ℘˜α℘˜β)1/2 (3.10)
The second part of δI˜m, after substituting
δ℘˜µ = (℘˜νbµ − ℘˜µbν),ν (3.11) so δ℘˜µ,µ= 0 (3.12)
in compliance with the above constraint (2.3b), where bµ is the four-dimensional virtual
displacement of the element of matter, becomes after integrating by parts
−
∫
uµδ℘˜
µd4x = −
∫
uµ(℘˜
νbµ − ℘˜µbν),ν d4x
=
∫
(uµ,ν −uν ,µ )℘˜νbµd4x (3.13)
The vanishing of this integral for an arbitrary bµ gives the geodesic equation of motion for
the element of matter, namely
ρ˜mu
ν(uµ,ν −uν ,µ ) = ρ˜muν(uµ;ν − uν;µ) = ρ˜muµuν;µ = 0 (3.14)
the other part vanishing identically because we have from (3.9) the identity uνuν = 1 so
uνuν;µ = 0. Here we note the identies similar to (3.6)
T˜ µν;µ = (u
µuν);µ = (ρ˜mu
µ);µuν + ρ˜mu
µuν;µ = 0 (3.15)
The identities (3.6) and (3.15) show that the system of variational equations obtained from
the comprehensive action principle δI˜tot = δI˜g + δI˜m = 0, namely the gravitational field
equations for gµν and φ,
Nβα = φ
2[Rβα − (1/2)Rσσδβα] + (φ2);β;α − (φ2);σ;σδβα − w[φ;αφ;β − (1/2)φ;σφ;σδβα]
= −8πT˜ βα = −8πρ˜muαuβ (3.16)
Φ = (wφ;σ;σ +R
σ
σφ) = 0 (3.17)
and the equations of motion (3.14) for the elements of matter are compatiable but indeter-
minate. This is only natural for invariant action integrals because the system of equations
must allow gµν to change with transformation of coordinates.
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We note the following combination of (3.16) and (3.17) gives a particular simple equation,
Nσσ + φΦ = (w/2− 3)(φ2);σ;σ = −8πT˜ σσ = −8πρ˜m (3.18)
It is interesting to write the field equations for gµν in a form comparable with that in
Einstein’s theory involving a cosmological term. Substituting (3.4) into (3.16) and dividing
both sides by φ2 we note that on the right-hand-side we have from (2.5) and (3.1)
ρ˜m/φ
2 = Gρm (3.19) or T˜
β
α /φ
2 = GT βα (3.20)
Hence we obtain
Rβα − (1/2)Rσσδβα + Λβα = −8πGT βα (3.21)
where on the right G is not a constant but varies as t−n while on the left
Λβα = [(φ
2);β;α − (φ2);σ;σδβα]/φ2
−w[φ;αφ;β − (1/2)φ;σφ;σδβα]/φ2 (3.22)
differs in its tensor character from Einstein’s Λδβα = −λδβα and is originated from the
variation of G , remembering (3.1). In case G = const in a region, Λβα vanishes in the same
region. (Here we use the capital Greek Λβα in (3.21) to compare with the similar equation in
Tolman’s book [3] on relativity, thermodynamics and cosmology which we write here with
GN restored and one index lowered
−8πGNT βα = Rβα − (1/2)Rσσδβα + Λδβα
The corresponding equation in Weinberg’s book [4] on gravitation and cosmology is
Rβα − (1/2)Rσσδβα − λδβα = −8πGNT βα
so λ = −Λ. To compare with the latter we should use λβα = −Λβα)
IV. MATTER DOMINATED COSMOLOGICAL MODEL
We can adopt as usual the Robertson-Walker metric because in simplifying the metric
to this form only considerations on symmetry and freedom of coordinate transformation
have been used, but no use is made of the field equations. With t denoting the cosmic
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time and r, θ, ϕ the dimensionless co-moving coordinates, ds2 = dt2−R2(t){dr2/(1− kr2)+
r2dθ2 + r2 sin2 θdϕ2}, k = 1, 0, or − 1 all the equations of motions for the element of matter
are trivially satisfied by u4 = u4 = 1, u
i = ui = 0 i.e. by being at rest in the co-moving
coordinates. From the modified constraint (2.3b) we obtain, using dots for time derivatives,
{ρ˜mR3[(1− kr2)−1/2r2 sin θ]}· = 0 i.e. ρ˜m = ρ˜m(t0)R3(t0)/R3 (4.1)
where the constant t0 is really arbitrary but we often choose it to be the time or the age of
universe at present. Then (3.18) can be integrated to give
R3(φ2)· = (3− w/2)−18πρ˜m(t0)R3(t0)t (4.2)
Here the constant of integration additive to t is chosen to be zero so that t is counted since
the big bang when R = 0. We know according to the generalized large number hypothesis
(2.1) that by (3.1) φ2 ∝ t−1 in non-static homogeous cosmological model, hence (4.2) shows
that R ∝ t. Writing proportions as equalities
φ2 = t0φ
2(t0)/t (4.3)
R/R(t0) = t/t0 (4.4) or R = βext (4.5)
βex being the dimensionless proportional constant of the expanding universe, we see that
(4.2) is satisfied and gives
8πρ˜m(t0)/φ
2(t0) = 8πG(t0)ρm(t0) = (w/2− 3)/t20 (4.6)
Substituting (4.3) and (4.4a,b) into (3.17), (3.16), we see all the field equations are satisfied
if we choose for our model with
w = 8(1 + k/β2ex) (4.7)
For example the field equation (3.17), namely
Rµµφ+ wφ
;µ
;µ = 6[
··
R/R + (
·
R
2
+ k)/R2]φ + w[
··
φ+ 3(
·
R/R)
·
φ] = 0 (4.8)
and the field equations N11 = N
2
2 = N
3
3 = 0 which all coincide into, cf.(3.16),
N11 = φ
2[−(
·
R
2
+ k)/R2 − 2
··
R/R]− (φ2)·· − 2(φ2)·
·
R/R
+w
·
φ
2
/2 = 0 (4.9)
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both agree to determine w as above, while the equation
N44 = φ
2[−3(
·
R
2
+ k)/R2]− 3(φ2)·
·
R/R
−w
·
φ
2
/2 = −8πρCm (4.10)
gives a relation similar to (4.6) but with the factor (w/2 − 3) replaced by (w/8 + 3k/β2ex)
. These two factors, however, agree to be equal to (1 + 4k/β2ex) by (4.7). Thus (4.3) and
(4.5) are indeed the solution of our non-static homogeneous cosmologic model, where (see
(4.6),(4.7))
8πG(t0)ρm(t0)t
2
0 = 1 + 4k/β
2
ex = 8πGρmt
2, (4.11)
holds for arbitrary t0 or t. Together with 4πρmR
3/3 =M , we obtain from (4.11)
GM = (β3ex/6)(1 + 4k/β
2
ex)c
3t (4.12)
in agreement with the large number relation (1.4) from where we started. With (2.1) and
(2.2), (4.12) becomes simply the conservation of M˜ . Also (4.11) shows by (2.1) that ρm ∝
t−(2−n) which suggests the domain for n given in (2.1) above. We have from (3.22) and
(4.3)(4.4) , or cf. (4.9) and (4.10),
Λ11 = Λ
2
2 = Λ
3
3 = (1 + k/β
2
ex)/t
2
Λ44 = (2− k/β2ex)/t2 (4.13)
We believe that the action integral I˜g should be given once for all, being independent of
the problems as here treated. From (4.6) we must choose w > 6, and this excludes by
(4.7) the case of k = −1 for β2ex < 1. For the same reason the case of k = +1 can occur
only for w ≥ 16. Our first preference is to choose w = 8, thereby the case of flat three
dimensional space k = 0 is determined. The second choice w = 16, which corresponds to
the case k = +1 and βex = 1, is far less probable, we think. This question may be settled
by noting the difference in (4.13), i.e.
Λ44/Λ
1
1 = 2 for w = 8 (4.13a)
Λ44/Λ
1
1 = 1/2 for w = 16 (4.13b)
Of course a fresh analysis of the data of modern observation according to the formulae of
the present theory would be very important. Our cosmology term varies inversely with the
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square of the cosmic time. In terms of the Hubble function obtained from (4.4) (please note
the different numerical coefficient from Einstein’s theory)
H(t) =
·
R(t)/R(t) = 1/t (4.14)
both the age of universe t0 and the values of our cosmological term at present can be
determined from the Hubble constant H0 = H(t0) defined by small cosmic redshifts as
discussed in §9. This seems to give a natural explaination for the order of magnitude of the
cosmological constant at present.
V. NON-COSMOLOGICAL APPROXIMATION
We are intrerested in examine whether our modified theory may pass the crucial tests
that support Einstein’s theory of general relativity. Here we shall consider in particular that
refering to the advance of perihelion of Mercury. We need only the exterior solution for
gµν and φ good for, cosmologically speakng, a small region of space around the sun and a
short inteval ∆t around t0 say the present epoch. The motion of the planet e.g. Mercury
will then be obtained from the geodesic equations of motion (3.4). We consider at first the
cosmic background, i.e. the cosmological model studied in §4. We write the dimensionless
co-moving coordinate in the Robertson-Walker metric in this section as rR−W and introduce
a new variable r of dimension length
r = R(t0)rR−W (5.1)
The metric becomes for example in the case of k = 0
ds2 = dt2 − [R2(t)/R2(t0)](dr2 + r2dθ2 + r2 sin2 θdϕ2) (5.2)
To the non-cosmological approximation we neglect ∆t against t0 and so, by (4.4),
R2(t)/R2(t0) = t
2/t20 = 1 + 2∆t/t0
.
= 1 (5.3)
the space-time becomes flat, the background expansion being insignificant. The non-
cosmological approximation can simply be expressed as t−10 → 0, in the sense that terms
involving t0 in the denominator can be neglected. To this approximation G (hence φ) as-
sumes its quasistatic value, for example
G(t)/G(t0) = (t/t0)
−n = 1− n∆t/t0 .= 1 (5.4)
12
This is consistent with Λβα = O(t
−2
0 ) → 0 by (4.13) and Gρm = O(t−20 ) → 0 by (4.11), i.e.
the background becomes the vacuum and cosmological terms disappear.
Now consider the sun as a local concentration of matter with density ρ(r) much higher
than the cosmic background.. To the non-cosmological approximation we can solve the
system of gravitational field equations (3.16) and (3.17) for gµν and φ outside the sun by
the quasistatic (t/t0 = 1 +∆t/t0 = 1) exterior solution
Exterior φ(t, r) = φ(t0) = const (5.5) Rµν = 0 (5.6)
with the boundary condition at spatial infinity gµν tending to, according to (5.3), ηµν , that
of flat space-time. Thus we see, as far as exterior solution are concerned, our theory reduces
to Einstein’s theory in the non-cosmological approximation. So our theory passes the crutial
test about the advance of perihelion.
VI. ELECTROMAGNETISM FOR VARYING G
In this section we shall go to find the modification for varying G of the action integral
for the electromagnetic field and the additional action integral for charged matter. We start
from the large number equation (1.2). According to our approach of replacing evolving law
by cosmic combined conservation law, for example see (2.4)(2.5) for I˜m for matter, which
we consider it applicable also to the sun, the planet, even to a mass point, so
M˜ = G1+1/nM, m˜p = G
1+1/nmp, m˜e = G
1+1/nme (6.1)
and the left hand side of (1.2) is a fixed constant. Assuming c not evolving, we conclude
that e2/me ∝ t ∝ G
−1/n, so the cosmic combined charge
e˜ = G1/2+1/ne (6.2)
conserves in the long.
In Einstein’s theory with constant G, the action integral for the electromagnetic field is
(we follow again closely Dirac’s book on general theory of relativity)
Iem = −(16π)−1
∫
FµνF
µν√(−g)d4x where Fµν = κµ;ν − κν;µ (E6.3a,b)
and the additional action integral for charged matter is (cf Dirac (29.4)(29.1))
Iq = −
∫
κµJˆ
µ
d4x or = −e
∫
κµdx
µ (E6.4a,b)
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for continuous distribution of charges or for a point charge. Recalling the rule of our modi-
fication mentioned before in connection with Im and I˜m , i.e. mutiplying I with G
1+1/n and
keep an eye on the conservation law, we get naturally, starting from (6.2) and (E6.4b), then
(E6.4a) or (E6.3b), and finally (E6.3a), the following modified action integrals
I˜q = −e˜
∫
κ˜µdx
µ with κ˜µ = G
1/2κµ (6.4b,c)
I˜q = −
∫
κ˜µ˜ ˆ
µ
d4x with ˜ˆµ = G1/2+1/n ˆµ (6.4a,d)
F˜µν = κ˜µ;ν − κ˜ν;µ = κ˜µ,υ−κ˜ν ,µ (6.3b)
I˜em = −(16π)−1
∫
φ2F˜µνF˜
µν√(−g)d4x (6.3a)
We give the variations of (6.3a)
δI˜em =
∫
[(−1/2)E˜µνδgµν + (4π)−1(φ2F˜ µν);νδκµ
+Φemδφ]
√
(−g)d4x (6.5a)
with
E˜νµ = φ
2[−(4π)−1F˜µσF˜ νσ + (16π)−1F˜ρσF˜ ρσδνµ (6.5b)
Φem = −(8π)−1φF˜µνF˜ µν (6.5c)
The variation of (6.4a) is
δI˜q = −
∫
[˜ˆ
µ
δκ˜µ + κ˜µδ˜ˆ
µ
]d4x (6.6)
In the comprehensive action principle δI˜tot = 0, I˜tot = I˜g + I˜m+ I˜em+ I˜q we obtain from the
coefficients of δκ˜µ the variational equation
˜ˆµ = (4π)−1(φ2F˜ µν);ν√(−g) = (4π)−1[φ2F˜ µν√(−g)],ν (6.7)
Hence the identity ˜ˆµ,µ= 0, so
∫ ˜ˆ4dx1dx2dx3 conserves (6.8)
which reduces by (6.4d) to (6.2) for a point charge. In compliance with this conservation
law, we take in (6.6) as familiar in (3.11)
δ˜ˆ
µ
= (˜ˆ
ν
bµ − ˜ˆµbν),ν (6.9)
14
After integrating by parts we obtain for th second part of (6.6)
−
∫
κ˜µ (˜ˆ
ν
bµ − ˜ˆµbν),νd4x =
∫
F˜µν˜ˆνbµd4x (6.10)
For the elements of charged matter the equations of motion obtained from the coefficients
of bµ , by a change of notation similar to (3.9)(3.10)
˜ˆν = ρ˜euν√(−g) , ρ˜e = G1/2+1/nρe (6.11a,b)
contains a Lorentz force term
ρ˜mu
µuν;µ + F˜µν ρ˜eu
ν = 0 (6.12)
Dirac, in his book, uses σ instead of our ρe for the charge density. The variational equations
for gµν and φ are
Nνµ = −8πT˜ νµ − 8πE˜νµ, Φ = −8πΦem (6.13a,b)
The effect of the factor φ2 in (6.3a) and (6.7) is familiar from Maxwell’s theory; as seen
from (6.7) in the case of Galelian metric φ2 plays the role of relative dielectric constant εφ
and (φ2)−1 plays the role of relative magnetic susceptibility µφ. Hence εφµφ = 1 which is
consistent with our assumption that c does not evolve.
VII. GEOMETRIC OPTICS
We shall study in this section the propagation of light or electromagnetic wave in space
time where the metric and φ are given. As is well known in Einstein’s theory of general
relativity that light moves along a null geodesic, and this can be regarded as a good approxi-
mation of geometric optics to wave optics for the electromagnetic equations in the Riemanian
space-time. In this section we shall show that this is also true for the theory with varying
G, following closely the smilar treatment5 of the present author for constant G.
From (6.3b) where the covariant derivative can be replaced by ordinary partial derivatives,
we can eliminate the cosmic combined potentials and obtain
F˜µν ,λ+F˜νλ,µ+F˜λµν = 0 (7.1)
From (6.7) where charge-current is absent we have
[φ2F˜ µν
√
(−g)],ν = [φ2gµαgνβF˜αβ
√
(−g)],ν = 0 (7.2)
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Among the four equations in the set (7.2) there is one differential identity namely the
ordinary divergence of its left hand side vanishes identically. The same is true for the four
equations in the set (7.1) which can be written in a form similar to (7.2) by introducing the
dual of F˜µν defined by
̂˜
F
41
= F˜23 ;
̂˜
F
23
= F˜41 ; 1, 2, 3 cyclic (7.3)
Hence the set (7.1), (7.2) contains six independent equations linear in the six dependent
variables F˜µν . For light or electromagnetic waves, we need to consider solutions of the form
of waves
F˜µν = f˜µν sinS (7.4)
where the phase S varies quickly in space or time at the scale of a wavelength or a period of
light, but the amplitudes f˜µν vary little at such scale, because the multipliers in (7.2) only
vary at a scale much much larger. In contrast to the fast variable S we call f˜µν , φ, gρσ all
slow variables. Neglecting the derivatives of the slow variables in comparison with those of
the fast variable, we obtain from (7.1) and (7.2) after removing the common factor cosS
and writing S,λ= sλ the equations
f˜µνsλ + f˜νλsµ + f˜λµsν = 0 (7.5)
[φ2gµαgνβf˜αβ
√
(−g)]sν = 0 i.e. sβ f˜λβ = 0 (7.6)
where sβ = gνβsν . In (7.6) the second equation follows from the first by contracting the
latter with gλµ and removing the common factors φ
2 and
√
(−g). These algebraic equations
being homogeneous and linear in the amplitudes f˜µν , the condition for non-trivial solution is
the vanishing of the determinant sλs
λ = 0. More simply this can be obtained by contracting
(7.5) with sλ and using (7.6) to obtain f˜µνsλs
λ = 0. So at any point where there is light we
must have
sλs
λ = gλµsλsµ = 0 (7.7)
Let a real displacement along the light path be denoted by dxµ, alomg the light path (7.7)
always hold, so
d(gλµsλsµ) = sλsµg
λµ,ν dx
ν + 2sνdsν = 0 (7.8)
Let a virtual displacement on the surface of constant phase i.e. S = const. be denoted by
δxν . So we have
0 = δS = S,ν δx
ν = sνδx
ν (7.9)
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Since these two displacement vectors are orthogonal to each other, we have also
gµνdx
µδxν = 0 (7.10)
On comparing the last two equations we see that the coefficients of δxν there must be
proportional. As is well known, we can choose the parameter p for the path of light xµ =
xµ(p) such that (7.10) agrees with (7.9) and (7.8) is satisfied by the following two set of first
order differential equations for the light paths or rays.
gµν(dx
µ/dp) = sν , dsν/dp = −(1/2)gλµ,ν sλsµ (7.11a,b)
In Riemanian geometry, (7.11a,b) is the standard form for the differential equations of null
geodesics, the two sets of fiest order equations being completely equivalent to the following
one set of second order equations by eliminating sν with the help of (7.11a),
d2xµ/dp2 + Γµρσ(dx
ρ/dp)(dxσ/dp) = 0 (7.12)
and the equation (7.7) being equivalent to the null condition
0 = gµνsµsν = g
µνgµρgνσ(dx
ρ/dp)(dxσ/dp) = ds2/dp2 (7.13)
As we have shown that light path in our theory as in Einstein’s theory is the null geodesic
and the metric outside the sun to the non-cosmological approximation is the same as that
in Einstein’s theory, so the crucial test about the deflection of light by the sun is also passed
by our theory as good as by Einstein’s theory.
VIII. QUANTUM MECHANICS
The fundamental natural constant in quantum mechanics is the Planck constant ℏ. In
order to decide how it evolves, we need some action integral that contains it. It seems most
reliable to consider the action integral for Dirac’s relativistic theory of electron, because the
generalization of Dirac’s equation to curved space-time i.e. to general relativity has been
considered by many early authors. Here we follow Schrodinger’s treatment as summarized
in my earlier paper [5] with minor changes in the notation (the electromagnetic potentials
Aµ there is here written as κµ and the companion φ there of the wave function ψ is here
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written as χ ). We consider hydrogen like atoms for simplicity. With constant G we have
ID =
∫
{(1/2)χGµ[(iℏ∂/∂xµ + eκµ)ψ]
+(1/2)[(−iℏ∂/∂xµ + eκµ)χ]Gµψ − χmψ}
√
(−g)d4x (8.1)
where the four general gamma 4× 4 matrices Gµ depend only on gµν satisfying
GµGν +GνGµ = 2gµν (8.2)
and χ and ψ are respectively 1 × 4 and 4 × 1 matrices so that the chain product χGµψ is
a number. Here ID for the hydrogen atom includes the part previously denoted by Iq . We
have, cf (6.4a), for Dirac’s electron
ˆµ = −eχGµψ√(−g) (8.3)
the ordinary divergence of which vanishes as a consequence of the variational equations
with respect to χ and ψ, i.e. the Dirac equation δID/δχ = 0 and its companion δID/δψ = 0
in curved space-time.
0 = χ
δID
δχ
− δID
δψ
ψ = [χGµψ
√
(−g)],µ (8.4)
The variation of ID with respect to gαβ can be obtained from the dependence of G
µ on gαβ
by using the formula derived from (8.2)
∂Gµ/∂gαβ = −(1/4)(Gαgβµ +Gβgαµ) (8.5)
According to our rule the modified action integral for varying G is
I˜D =
∫
{(1/2)χGµ[(iℏ˜∂/∂xµ + e˜κ˜µ)ψ]
+(1/2)[(−iℏ˜∂/∂xµ + e˜κ˜µ)χ]Gµψ − χm˜eψ}
√
(−g)d4x (8.6)
This confirms our previous relations (6.1) for m˜e and (6.2) (6.4c) for e˜ κ˜µ. It shows further
that the cosmic combined Planck constant
ℏ˜ = G1+1/nℏ (8.7)
conserves in the long.
Meanwhile we call attention to the expression of cosmic combined Coulomb potential
κ˜4 due to a point charge, say Ze˜ which, in the case of Galelian metric, is not Ze˜/r but is
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κ˜4 = (φ
2)−1(Ze˜/r) = Ze˜/(εφr) by solving (6.7) with µ = 4 . Using (6.2) and (3.1), we verify
that the Coulomb potential, only correctly written this way, evolves like (6.4c)
κ˜4 = G
1/2κ4 = G
1/2Ze/r
so e˜κ˜4 = G
1+1/neκ4 = G
1+1/n[Ze2/r] (8.8)
Hence the fine structure constant defined by (here c being restored)
α˜ = e˜2/(εφℏ˜c) = e
2/(ℏc) = α (8.9)
remains unchanged like c during the evolution of the universe.
We are interested in the atomic spectra (of hydrogen say) for light coming from extra-
galactic nebulae or from the sun. To obtain the energy levels by quantum mechanics we
shall follow closely the treatment in my earlier paper [5] in Einstein’s theory. We use the
local Galelian metric obtained by a coordinate transformation, which can always be done if
we treat the metric gµν as constants, assuming their value at the position of the atom at the
time of emission or absorption of the light quantum. For simplicity consider the diagonal
case
gii = −(λi)2, i = 1, 2, 3, g44 = +(λ4)2, gµν = 0 (µ 6= ν) (8.10)
Then we have
Gi = (λi)
−1γi, i = 1, 2, 3, G4 = (λ4)
−1γ4 (8.11)
where γµ are the 4× 4 gamma matrices familiar for special relativity, defined by
γµγν + γνγµ = 2ηµν (8.12)
Then Dirac’s equation as obtained from (8.6) by varying χ becomes
{γ4(λ4)−1[iℏ˜(∂/∂t) + e˜κ˜4] + γj(λj)−1iℏ˜(∂/∂xj)− m˜e}ψ = 0 (8.13)
where the vector potential vanishes and the scalar potential κ˜4 due to the nucleus at rest at
the origin is to be obtained by solving (6.7) with µ = 4, namely
[φ2F˜ 4ν
√
(−g)],ν = 4π(Ze˜)δ(x1)δ(x2)δ(x3) (8.14)
In the region of atomic scale φ may also be treated as constant, so the left hand side of
this equation becomes simply φ2g44gjjλ1λ2λ3λ4(κ˜4),jj summed over j. It is convenient to
introduce the scaled variables separately
yj = λjx
j so δ(yj) = δ(xj)/λj j = 1, 2, 3 not summed (8.15)
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Then (8.14) becomes in the scaled variables
∇2y(κ˜4) = −λ4(4πZe˜/φ2)δ(y1)δ(y2)δ(y3) (8.16)
the solution being proportional to the inverse radial distance ry of the scaled y’s
κ˜4 = λ4(Ze˜/φ
2)r−1y (8.17)
With the help of (8.17), the equation (8.13) can be written in the scaled variables
{γ4[(λ4)−1iℏ˜(∂/∂t) + Ze˜2φ−2r−1y ] + γj [iℏ˜(∂/∂yj)]− m˜}ψ = 0 (8.18)
or after removing the common factor G1+1/n (cf.(8.3) (6.1) (6.2) (3.1))
{γ4[(λ4)−1iℏ(∂/∂t) + (Ze2)r−1y + γj[iℏ(∂/∂yj)]−m}ψ = 0 (8.19)
The energy value including the rest energy defined by
iℏ˜(∂/∂t)ψ = E˜ψ (8.20) iℏ(∂/∂t)ψ = Eψ (8.21)
is easily obtained by comparing with that of Dirac’s equation in his book on quantum
mechanics.. Using the quantum numbers nr and j we obtain (with c restored and using
(8.5) for λ4)
E˜nr ,,j/m˜c
2 = Enr ,j/mc
2 = (g44)
1/2{1 + Z
2α2
(nr +
√
j2 − Z2α2)2}
−1/2 (8.22)
For a transition between two quantum states A and B with quantum numbers nr(A), j(A)
and nr(B), j(B) the frequency νA→B of the atomic spectral line is
νA→B = (E˜A − E˜B)/h˜ = (EA −EB)/h = (g44)1/2(νA→B)QM (8.23)
where the ordinary quantum mechanical value of the frequency is given by
(νA→B)QM =
c
2πλc
{1 + Z
2α2
(nr +
√
j2 − Z2α2)2}
−1/2 |AB (8.24)
Since both the Compton wave length λc = ℏ/mc = ℏ˜/m˜c = λ˜c and the fine structure
constant α = α˜ remain unchanged, we see from (8.24) that the frequency of the atomic
spectral line does not change during the evolution. Also the Rydberg constant R∞ =
mc2α2/(4πℏ) = R˜∞ remains unchanged. So does the mass ratio e.g. mp/me = m˜p/m˜e.
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The relation (8.23), it seems, can be generalized to all energy levels of complex atoms and
molecules.
We have shown in (8.22) that the gravitational effect on the frequency of the spectral
line during emission or absorption in our theory is given by the factor (g44)
1/2 , which is the
same in our theory as in Einstein’s theory to the non-cosmological approximation. So the
crutial test about the gravitational red shift of the sun is also passed by our theory as by
Einstein’s theory.
We note in the Robertson-Walker metric using cosmic time with g44 = 1 the frequency
of the spectral lines emitted anywhere at any time is by (8.23) always the same.
IX. HUBBLE RELATION
In this section we shall investigate the relation between the cosmic red shift of the spectral
line received from a cosmic distant source and the distance of that source from an observer
here at present. We use the Robertson-Walker metric (5.2), so the frequency of the spectral
lines for the distant and nearby object are the same by (8.23), namely νQM just when they
are emitted. But there is a change of the frequency of the spectral line of the distant source
during its propagating towards the receiver according to (7.11b).
We denote quantities referring to the distant source by the suffix s and those referring
to the receiver or observer here at present by the suffix 0. For simplicity we use geometric
optics and radial rays, putting dθ = dϕ = sθ = sϕ = 0, the phase of the spherical waves
being, as usual, S = 2π(νt − r/λ) = 2πν(t − r/β), with s4 = 2πν, sr = −2π/λ. The null
condition gives the velocity of light β for the metric (5.2)
λν = β = R(t0)/R(t) (9.1)
So at the time ts the wavelength of the spectral line emitted by the source is
λsνQM = R(t0)/R(ts) (ts < t0) (9.2)
For the metric (5.2) , being homogeneous, the wave length of this spectra line keeps constant
by (7.11b) during the propagation, till the line being recieved and compared at time t0 with
the same line emitted near by with
λ0νQM = 1 (9.3)
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The cosmic redshift z is defined by z = (λs − λ0)/λ0, so dividing (9.2) by (9.3) we have
1 + z = λs/λ0 = R(t0)/R(ts) (9.4)
The optical distance ∆ the light propagated is obtained by integrating dr from ts to t0
∆ =
∫ 0
s
dr =
∫ t0
ts
R(t0)
R(t)
dt (9.5)
If this is much larger compared to the linear dimension of the source the inverse square law
holds for the intensity and can be used to measure the distance.
For matter dominated cosmological model we have R(t0)/R(t) = t0/t, so from (9.5) and
(9.4) we obtain
∆ = t0 log(t0/ts) = t0 log(1 + z) (9.6)
This becomes the Hubble relation
z = H0∆ with H0 = (t0)
−1 for z << 1 (9.7)
but for larger z we have from (9.6)
z = exp(H0∆)− 1 (9.8)
X. ELECTROMAGNETIC RADIATION
In the next section we shall supplement the matter dominated universe with electromag-
netic radiation. Owing to the appearance of the factor φ2 in the action (6.3a) we need study
the electromagnetic waves a bit more in order to obtain the expressions corresponding to
(6.5b) and (6.5c) for electromagnetic radiation.
We write at first the electromagnetic wave equations in a form familiar from Maxwell’s
theory. Free from source (6.7) splits into
div
−→
D = 0, (10.1)
−→
D = [φ2
√
(−g)](F˜ 41, F˜ 42, F˜ 43) (10.1a)
curl
−→
H − ∂D/∂t = 0 (10.2) −→H = [φ2√(−g)](F˜ 23, F˜ 31, F˜ 12) (10.2a)
The other pair of Maxwell’s equations come from (6.3b), from which we obtain
F˜µν ,λ+F˜λµ,ν +F˜νλ,µ= 0 which splits into
div
−→
B = 0 (10.3)
−→
B = (F˜23, F˜31, F˜12) (10.3a)
curl
−→
E + ∂
−→
B/∂t = 0 (10.4)
−→
E = (F˜14, F˜24, F˜34) (10.4a)
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Comparing (6.5c) with (6.3a), the integrand of the latter being equal to two times (
−→
B ·−→H −
−→
E · −→D), we obtain
Φem = −(−→B · −→H −−→E · −→D)/[4πφ
√
(−g)] (10.5)
For the Robertson-Walker metric with k = 0, it is convenient to use Cartesian coordinates
to write
ds2 = dt2 − f 2(dx2 + dy2 + dz2) with f = R(t)/R(t0) (10.6)
Then we have from (10.1a) to (10.4a) the slowly varying permittences ε and µ
−→
D = ε
−→
E , (ε = [φ2f 3]f−2) (10.7a)
−→
H = µ−1
−→
B, (µ−1 = [φ2f 3]f−4) (10.7b)
We treat the electromagnetic radiation as superposition of plane electromagnetic waves.
For a plane electromagnetic wave propagating along the direction denoted by the unit vector
−→s , the only fast variable is the phase S = −→r · −→s − βt where β = 1/√εµ, like ε and µ,
vary slowly in time and will be treated as constants. Then (we follow here Born and Wolf’s
treatment6) (10.2) and (10.4) becomes
−→
E = −
√
µ/ε(−→s ×−→H ),−→H =
√
ε/µ(−→s ×−→E ) (10.8)
Hence
−→
E ,
−→
H,and −→s form a right-handed orthogonal triad, and we have
εE2 = µH2 or
−→
D · −→E −−→H · −→B = 0 (10.9)
So by (10.5) we have Φem = 0 for a plane electromagnetic wave, and by superposition of
plane waves we obtain for electromagnetic radiation
Φem = 0 (electromagnetic radiation) (10.10)
For electromagnetic field where charge-current density vanishes we have the differential
identity,
E˜νµ;ν + Φemφ;µ = 0 (10.11)
which can easily be verified from (6.5b) and (6.5c). Where charge-current density does not
vanish, this identity should be replaced by
T˜ νµ;ν + E˜
ν
µ;ν + Φemφ;µ = 0 (10.12)
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so that the terms involving Lorentz’s force from T˜ νµ;ν and E˜
ν
µ;ν cancel. For electromagnetic
radiation (10,11) simplifies by (10.10) to
E˜νµ;ν = 0 (electromagnetic radiation) (10.13)
For homogeneous and isotropic electromagnetic radiation the superposition of plane waves
propagating in all directions leaves only the diagonal elements of E˜νµ non-vanishing Since
from (6.5b) we have zero trace before the superposition, we conclude that
E˜11 = E˜
2
2 = E˜
3
3 = −p˜r = −ρ˜r/3, E˜44 = ρ˜r (10.14)
It is well known that with (10.14) and the metric (10.6) that (10.13) can be integrated to
obtain
ρ˜r = ρ˜r(t) = ρ˜r(t0)R
4(t0)/R
4 (10.15)
XI. MATTER PLUS ELECTROMAGNETIC RADIATION
We now consider homogeneous cosmology including matter and electromagnetic radia-
tion, I˜tot = I˜g + I˜m + I˜em and write according to our theory with varying G the equations
for the comprehensive variational principle δI˜tot = 0.
The variational equation for φ remains unchanged as (3.17) because of (10.10). The
variational equations for gµν are
N44 = −8π(ρ˜m + ρ˜r), N11 = 8πp˜r = 8πρ˜r/3 (11.1)
We give these equations in full, cf. (4.8), (4.9) and (4.10)
Φ = 6[
··
R/R +
·
R
2
/R2]φ
+ 8[
··
φ+ 3(
·
R/R)
·
φ] = 0 (11.2)
N11 = φ
2[−
·
R
2
/R2 − 2
··
R/R]− (φ2)·· − 2(φ2)·
·
R/R
+4
·
φ
2
= (8π/3)ρ˜r(t0)R
4(t0)/R
4 (11.3)
N44 = φ
2[−3
·
R
2
/R2]− 3(φ2)·
·
R/R− 4
·
φ
2
= −8π[ρ˜m(t0)R3(t0)/R3 + ρ˜r(t0)R4(t0)/R4] (11.4)
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The differential identity, cf. (3.6), Nβ4;β + Φφ;4 = 0 shows that among the three equations
(11.2,3,4) only two are independent, the condition for compatiability on the right hand side
being separately guaranteed for matter and for electromagnetic radiation. The combination
Nνν + Φφ cf (3.18) remains unchanged and can be integrated to give, cf. (4.2),
(φ2)·R3/R3(t0) = −8πρ˜m(t0)t (11.5)
which can be used in place of any equation among (11.2,3,4). We may take as the two
independent equations (11.4) and (11.5), and use the new variables
τ = t/t0, ξ = R/R(t0), η = φ
2/φ2(t0) (11.6)
and parameters
8πt20ρ˜m(t0)/φ
2(t0) = 8πt
2
0G(t0)ρm(t0) = A (11.7)
ρ˜r(t0)/ρ˜m(t0) = ρr(t0)/ρm(t0) = εr/m ∼ (10−2 to 10−4) (11.8)
Then (11.4) and (11.5) become, with circle denoting d/dτ ,
−3η
◦
ξ
2
/ξ2 − 3◦η
◦
ξ/ξ − ◦η2/η = −A/ξ3 − εr/mA/ξ4 (11.9)
◦
ηξ3 = −Aτ (11.10)
The solution for matter dominated universe given in §4 is for εr/m = 0 that ξ = τ , η = 1/τ ,
and A = 1. This solution satisfies not only the “initial” conditions at τ = 1 that ξ = 1
and η = 1 but also the “final” condition at τ = 0 that ξ = 0. The extra condition serves
to determine the parameter A. We shall leave the mathematical problem of solving these
equations (11.9), (11.10) but only note that the asymptotic solution of these equations for
large ξ is that of matter dominated universe. Only with the help of the asymptotic solution
which is simple enough to reveal the cosmical combined conservation laws that we find the
way to modify or to generalize Einstein’s theory of general relativity to work to cosmological
time. For small values of τ, at τ ∼ εr/m, the deviation from the asymptotic solution will
be appreciable. For smaller values of τ refinement of the action integral for matter with
corresponding refinement of T˜µν need to be considered to take account of the internal energy
and pressure, which at thermal equilibrium can be treated according to the principle of
statistical mechanics.
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XII. STATISTICAL MECHANICS
The fundamental natural constant in statistical mechanics is the Boltzmann constant kB,
in this section we shall see how it evolves in cosmological long time. For this purpose we
need to consider for example black body radiation where kB appears in Planck’s formula
and in the energy density of black body radiation.
ρr =
∫
∞
0
8πhν3/c3
exp(hν/kBT )− 1dν =
π2
15c3
k4B
ℏ3
T 4 (12.1)
Comparing this with the cosmic combined expression
ρ˜r =
∫
∞
0
8πh˜ν3/c3
exp(h˜ν/k˜BT )− 1
dν =
π2
15c3
(k˜B)
4
(ℏ˜)3
T 4 (12.2)
and noting that like ρm (cf. (11.1) and (2.5)) we must have ρ˜r = G
1+1/nρr, as we know that
electromagnetic radiation can be regarded as matter, namely photons. From this we obtain
from (12.1) (12.2) and (8.7) the similar relation
k˜B = G
1+1/nkB (12.3)
Thus we have the general rule for c.c. energy, cf. (2.5), (8.7), (12.3), and also cf.(8.8) for
the c.c. Coulomb energy,
E˜ = G1+1/nE, (E˜ = m˜c2, h˜ν, k˜BT, e˜κ˜4) (12.4)
where c2, ν, T do not change. Since energy, momentum and stress form a four dimensional
tensor, the above relation (12.4) holds too for the momentum p˜x, p˜y,p˜z and the pressure P˜ ,
while velocity ux, uy, uz and volume V do not change. This makes the Boltzmann factor
exp(−E˜/k˜BT ) = exp(−E/kBT ) (12.5)
the same and the counting of phase cells
V dp˜xdp˜ydp˜z/(h˜)
3 = V dpxdpydpz/h
3 (12.6)
also the same, so for canonical ensemble of systems at local thermal equilibrium, the partition
function (Zustandsumme) Z˜ = Z and hence the distribution function is the same with
or without the cosmic combination factor. For example, for Bose-Einstein statistics, the
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distribution function of photons is given by, cf (12.1) and (12.2), where the factor two
accounts for the two polarizations
(2)4πν2/c3
exp(h˜ν/k˜BT )− 1
=
(2)4πν2/c3
exp(hν/kBT )− 1 (12.7)
We shall not go into the details of the early universe but suffice it to note that at high
temperature the internal energy and pressure must be taken into account. In Einstein’s
theory the action integral Im (E2.3a) for matter without internal stress is replaced by that of
perfect fluid Ifl, {we follow here Fock’s treatment in his book [7] space time and gravitation,
eq.(48.28) et seq.}, the cosmic combined expression in our theory is given accordingly by
I˜fl = −
∫
F (ρ˜m)
√
(−g)d4x
= −
∫
ρ˜m(1 + ǫ˜m)
√
(−g)d4x (12.8)
Here ǫ˜m denotes the c.c. internal energy per unit c.c. mass ρ˜m of the ideal fluid and is
considered as a function of the latter only, as we are dealing with adiabatic processes in
which the c.c. entropy per unit c.c. mass, denoted here by s˜m is kept constant, i.e.
dǫ˜m + P˜ d(1/ρ˜m) = Tds˜m = 0 (12.9)
To find the variation of I˜fl we express ρ˜m in terms of ℘˜
µ by (2.4a) and obtain
δI˜fl = −
∫
dF
dρ˜m
δ(ρ˜m
√−g)d4x
+
∫
(ρ˜m
dF
dρ˜m
− F )(δ√−g)d4x
= −(1/2)
∫
(T˜ µνfl δgµν)
√
(−g)d4x
−
∫
dF
dρ˜m
uµδ℘˜
µd4x (12.10)
with
T˜ µνfl = ρ˜m
dF
dρ˜m
uµuν − (ρ˜m dF
dρ˜m
− F )gµν
= [ρ˜m(1 + ǫ˜m) + P˜ ]u
µuν − P˜ gµν (12.11)
Using (3.11) in compliance with the modified constraint (2.3b) we obtain from the second
part of (12.10) the following equations of motion for the ideal fluid
ρ˜m
dF
dρ˜m
uνuµ;ν + ρ˜mu
νuµ(
dF
dρ˜m
);ν − ρ˜m( dF
dρ˜m
);µ
= [ρ˜m(1 + ǫ˜m) + P˜ ]u
νuµ;ν + u
νuµP˜;ν − P˜;µ = 0 (12.12)
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One can verify the covariant divergence identity
T˜ νfl.µ;ν = (ρ˜mu
ν);ν
dF
dρ˜m
uµ + ρ˜mu
ν(
dF
dρ˜m
uµ);ν − (ρ˜m dF
dρ˜m
− F );µ = 0 (12.13)
with the help of (12.12) and (2.3b) (2.4b). We note that I˜fl, like I˜m, does not involve φ,
hence contributes nothing to the variational equation with respect to φ.
In the specific internal energy ǫ˜m, being energy per unit mass, according to (12.4), the
cosmic combination factor will cancel. Thus we expect ǫ˜m = ǫm. This can be easily verified,
e.g. for an ideal gas at low temperature. With Maxwell’s law for the distribution of velocity
exp[−m˜(u2x+u2y+u2z)/(2k˜BT )]duxduyduz in which m˜ and k˜B can be simultaneously be replced
by m and kB, the translational internal energy is ρ˜mǫ˜m = 3nmk˜BT/2 while ρ˜m = nmm˜
where m˜ being the c.c. conservered mass of one molecule, and nm the number density of
the molecules. Similarly ǫ˜m = ǫm will hold for relativistic gas at high temperatures.
XIII. SUMMARY AND REMARK
From our theory with varying G we have sysmatically found the cosmic combined natural
constants m˜, ℏ˜, k˜B, e˜
m˜/m = ℏ˜/ℏ = k˜B/kB = [G/G0]
1+1/n, e˜/e = [G/G0]
1/2+1/n (13.1)
which remain to be constant in the long. Our present fundamental principles of quantum
mechanics and statistical mechanics work in the long with m˜, ℏ˜ and k˜B. It is due to the
old age of the present universe that the combination factors G1+1/n involved in these c.c.
constants vary very slowly by now that we take m, ℏ and kB as natural constants. The law
of electromagnetism in the long differs from the law at present by a dielectric and magnetic
permittivity ε = µ−1 = [G/G0]
1/n. The velocity of light c, the Compton wave length for
a particle ℏ˜/m˜c, the fine structure constant e˜2/(εℏ˜c) and the proton-electron mass ratio
m˜p/m˜e all remain unchanged during the evolution.
For phenomena occurring outside the gravitating body like the crucial tests our theory
to the non-cosmological approximation reduces to Einstein’s theory. Difference arises for
phenomena occurring inside the gravitating body, including the case of cosmology. E.g. for
matter-dominated universe our theory with varying G yields for the expansion law R ∝ t
between the radius and the age of universe so as to be in agreement with the empirical
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large number equality GM ∝ t, while in Einstein’s theory with constant G and conservation
of mass we have R ∝ t2/3 with GM = constant of course. In our theory with varying
G , a tensor term automatically arises from the spatial and temporal derivatives of G.
This tensor automatically vanishes in a region where G is constant, as is the case with the
exterior solution of the sun when we consider the crucial tests of general relativity. In the
problem of non-static homogeneous cosmology this tensor with non-vanishing components
Λ11 = Λ
2
2 = Λ
3
3 = 1/t
2, Λ44 = 2/t
2 (Or less probably Λ11 = Λ
2
2 = Λ
3
3 = 2/t
2, Λ44 = 1/t
2)
takes the place of cosmological constant. It seems desirable to make an analysis of the
observational data from the beginning according to the present theory with varying G. It
would be also interesting to apply the theory with varying G to the interior solution of some
high density objects where spatial variation of G is appreciable.
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